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Sufficiency
Definition:
Let X,, X,, X;,..., X,, be a random sample from the density f (x,8). A statistic / estimator

s(x) issufficient for@ , if f(x,8) can be factorized as follows.
F(x,0)=g(s(x), O)h(x)
Where h(Xx) is nonnegative and does not involve parameter.

Procedure for finding sufficient estimator:

1. Find the joint p.d.f i.e. likelihood function.

2. P.d.f of statistic (estimator) has to be proved sufficient.
3. Find the conditional p.d.f such as

Xy M8 hed)
Ps=s " 95=9 g0

|| |1

S

If conditional p.d.f is independent from the parameter then estimator (statistic) is said to be
sufficient.
OR

Nyman Fisher Criteria for Sufficiency:

1. Take the likelihood function of p.d.f.

2. If it can be written as the product of (function of statistic & parameter) and a function

which is independent of parameter. Then statistic is said to be sufficient.
Therefore
L(X) = g(s,0)h(x)

Bernoulli distribution:
Let we have Bernoulli distribution with parameter “ 6°.

f()=() 0" -0
Applying  Likelihood function
L(x) =0 1-0)"** T]C)

i=1

LX) =9gx,60)h(x)
Hence ZX is sufficient estimator of '@

Pission distribution:

Let we have Pission distribution with parameter “ 6°.

-0 X
F(x) = e’ o
X!
Applying  Likelihood function
-né > X
L(x) = %

H N
i=1
1

L()_() _ e—n@ QZX —

Hx!
L(X) = g(2x,0)h(x)

Hencer is sufficient estimator of '@'.
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Normal distribution:

TP S
O~ 211
Applying  Likelihood function
1 TN
LX)=(—=)"¢e ¥
(x)=( 5 ﬁ)
n 2 (=)’
1 by - 2 1
LX)=(=)? e * (—==)"
() =(5) ( ﬁ)
_ Z(X_’U)Z n 1

L(x)=(§)“ e [l
L(X) = g(X(x— ), 5%)h(x)

Hence ) (x—pu)? is sufficient estimator of '57'.

Q.1:

Let X,, X,, X5,..., X, be a random sample from the Bernoulli distribution with parameter 6.
Then show that S=2x; is sufficient forg.

Solution:
As x ~ Bernoulli (9)

f(x)=() 0" -0
Applying  Likelihood function

L0 =6~ a-0 [[C)
LX) =9(Zx O)h(x)

Hence h(x) is independent from parameter '@' therefore for nyman fisher factorization
D x is sufficient estimator of "6

Q. 2:

Show that for Possion distribution X is sufficient of

Solution:
As x~P(8)
Let we have Possion distribution with parameter “ 6°.
e—9 HX
f(x)=
x!
Applying  Likelihood function

-né X
L(x) = %

Hx!
L()_() — e—n& er ni
Hx!
L(x) =g(Zx,60)h(x)

Hence h(x) is independent of parameter '@' therefore Zx & X is one to one

function so x is sufficient of 6.

Question no 3:
Let X,, X,, X;,..., X, be a random sample from a Normal distribution with population mean

wand variance 6°.Then show that Y(x — x)?is sufficient for 5.
Solution:
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Asx~N((,u,§2)

E(X_J)Z
f(x) = 2
()= o~ 2I1

Applying  Likelihood function
1 2
- g2 20w

L) =(—=)"

S+/2I1
n 20w’ 1
L(x) = (—)2 20" (E)”
2 ew?

L= e = [l

L(x) = g(X(x~ ), 6)h(x)

Hence > (x—u)? is sufficient estimator of '&2'.

Question no 4:

Let X,,X,,.,X, be a random sample from a normal distribution with (0,8?).
2

n

then show that is sufficient for 6.

Solution:
As X ~ N(0,92)
1 N

f(x,0) = @\1/% e 20

Taking likelihood function

L(x) = (ﬁ)n 2

1., =<
L) =(7=)" e ¥ (—
Jo N2r
L(x)=g(XX?, 6) h(x)
Hence h(x) is independent of parameter '&' therefore for Neyman Fisher factorization
2
n
Question no 5:
Show that sample of 'n' from a normal distribution with mean 'y' and

2
* X_ - - - -
stan dard deviation 'S". then estimator 6 = ,/2(—’”) is sufficient estimator for &'
n

Solution:
As we know that

5o |20

n

52*: Z(X_:u)z

n
noe” = Z(x—y)2
1
f(x)=
N
Applying likelihood function.

)n

criteria is sufficient estimator of 4.

252( -u?)

2622( -)

L(x) = ( \/—)
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L=y e o Ly
5 Jor
L(x) = 9(6, 6%) h(x)
Hence h(x) is independent from parametortherefore for neyman fisher factorization criteria

R DN S : o
o = e is sufficient estimator for o '.

Question no 6:
Let X, & X, be a random sample of size 'n=2". From the following pission distribution with mean
'@'.Show that S = X, + X, is sufficient estimator for '6".
Solution:
As x ~P(60)
e’ 0"
X!

f(x,0)= x=012,..,00

Applying likelihood function.

-nd pHXx
L=

l;lx!

Therefore n=2

20 NX+Xy
L(>_<)=i oS =X X,
X1 x,!
1 2
L)=e 0°
X1 X, !

L(x) =9(s,6) h(x)
As h(x) is independent from parameter '@". Therefore for Neyman Fisher Factorization criteria
S =X, +X, is sufficient estimator for '6".

Question no 7:
Let X, X,,.., X, be a random sample of size 'n' from a Gamma distribution with (P,?).

then show that Hx! & Zx is sufficient for P & &.

i=1

Solution:
As x ~G(P,0)
1 _X
f(x)= XPres
( ) Fé,p

Applying likelihood function
1 n 2

L(>_<)=(F5P) [[x e

i=1

_=r n

 x [ P n -1
L(x)=(ﬁl(sp ) e o Hxi} {HX}

| i1

L =g([ X, &Y% P &8) h(x

Hence h(x) is independent from the paameter P & &.Therefore by Neyman Fisher Factorization

n

[]x¥ & > x is joint sufficient for P &s5.

i=1
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Question no 8:

Show that in estimator of '@"in f(x) =% 0<x<@.Then the largest observation x,, is sufficient
for '@".
Solution:
As f(x)= =
0
Applying likelihood function.

LO)=T1f(x; )
1
LX) =(=)"
(x)=( 9)
We know that P.d.f of rth order statistic

! 1 n—r
m[lz (X(r))]ri [1_ F(X(r))] f (X(r))

Putn=n,r=n

g (X(r)) =

n!
(n=D!'(n—n)!

g (X(n)) =n [F (X(n))]ml f (X(n)) A
Now

F(x) =

g (X(n)) = [F (X(n))]m1 [1_ F(X(n))]nin f (X(n))

1
0

F(x)=|=dx

O ey <
|-

1X
F(x)==|1.dx
(x) 95

F( =2

Xn
F(X(n)) =0

«
—~
X
2
N
Il
>
—
>
=
L
>
L
D

(Xm) 1
g (X(n)) = n ((0)) n-1 5
()
g (X(n)) = n#

As Conditional p.d.f
| x |- f(x:0)
X(n) g(x(n))

)l X ] 1/6" B 1
Xoy ) N(Xe) 10" n(xp)™
Hence the conditional p.d.f is independent for parameter '6". Therefore x  is sufficient for'e".
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Question no: 9:

Show that in estimator of '8"in f(x) =% 0<x< 6. Then the smallest observation X, is sufficient
for '6".
Solution:
1
As f(x)==
() 7

Applying likelihood function.
L()=T1f(x; )

L= )

We know that P.d.f of rth order statistic

! r-1 n—r
9 (X(r)) = m['z (X(r))] [1_ F(X(r))] f (X(r))
Putn=n,r=1
! -1 n—1

9 (X(l)) = m['z (X(l))]l [1_ F(X(l))] f (X(l))
9 (%) = (N=DL—F (%)™ (x) A
Now
() =%
F(x) = f%dx
F(x) =%j.1.dx
F(x) zg
F () =2
() =5

Xl n-1 1
g (X(l)) = (n_l){l_% } 5

As Conditional p.d.f

{AJ: f(x:0)
X 9(Xg)

( X ] 1/6"

f - | n-1

X X

) nopl1-le | L
0 0

Hence the conditional p.d.f is not independent for parameter '6". Therefore x,,, is not sufficient for'e".
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Question no: 10
Letx,,X, ,..,x, bearandom sample from the normal density with mean ' ' & variance &2,

— X —X)?
Then show that z=x & &°= Z(—) are the set of two sufficient estimators for' u' & §°
n

Solution:
As we know that

x~N(u,6?%)

1
=52

Taking likelihood function

L(x) = (

2()2(" -p)?

)n 2522( —u)? A

1
o2rn
L XX =) = XX =X+ X= 1) = T[(X=X)? + (X— )] = Z[(X=X)? + (X— p)? +2(x = X)(x— )]
T(x— )% = Z(x=X)? +n(x— p)® +2(X— 1) X(Xx~ X)

S(x— ) = X(x—X)? +n(x— p)?
2 =52 =Y (x—x)? =ns?

T(x—p)* =nd% +n(x—p)’

)" e fg[nézm (x-u)?]

L(x) = (

LX) = (5 ) e ¥ e ¥ (=)

1
o~N 2
né*  n(x-w)? 1

L(x) =g (6%, x; 6%, u).h(x)
As h(x) is independent from parameter u,52 therefore by Neyman Fisher Factorization x &52 is a

set of sufficient estimator for u& &°.
Question no 11:

Let'n'beafixed quantty and X, X, , X5 ..., X, @re n order statistic which are obtained from the

@@
f(x;0)=e*?  @G<x<o. Thenthe flrst order statistic is sufficient for'@".

Solution:
As f(x)=e 9
Taking likelihood function

L()=TI f(x; 0)
L(X) —e 2(x-0) —e (X x-no)
L()_() =e—Zx ent9)

We know that p d f of rth order statistic.

9 (%) = [F ()] = F )™ £ (%)

(r-— 1)| (n r)!

Putn=n,r=1

9 (X)) = m[ (x (1))]1 [l F(X(l))]n o (Xa)
g (X(1)) =N [1_ F(X(l))]nil f (X(l)) A
Now

f(x) =e™ €’ f< X<
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F(x)= Ie'x e’ dx
4

F(x) =¢’ Ie'x dx
4

FO0=e’ |

—1l6
F(x)=—e’[e™ —e’]
F(x)=—e% ™ +e "’
F(x)=1-¢e%™
F(Xy)=1—e%"®
f(x (1)) —e”® e
9 () = nfi-@ e’ @ e)

g(Xy)=n{-1 +e"e"‘“>)]n_1 (e7 e’

90y) = nlee )] (€7 ¢)
g(Xg)=ne" e™
As conditional density

f(X;@) B e-ZX ene B e-ZX
g(xy) ne"e™ ne™

f ()_(/X(l)) =

As conditional p.d.f is independent of parameter ‘@' so first order statistic is sufficient for 6.
Question no 12:

Let 'n' bea fixed quantity and Xy X2y Xgy v X

f(x;0)=e “? @<x<oo. Thenthelargest order statistic is sufficient for'@".

, aren order statistic which are obtained from the

Solution:
As f(x)=e **
Taking likelihood function

L(x)=T11(x; 6)
L(X) —e 2 (x—0) —e (Xx-no)
L(x)=e > &"

We know that p.d.f of rth order statistic.

e CHS) R ELTO) RO

Putn=n,r=n

g (X(r)) =

! n-1 n—n
g (X(n)) = m[lz (X(n))] [1_ F(X(n))] f (X(n))
9 (X)) = (=D [F ()] F (X)) (A
Now
f(x) =e™ €’ 6 < Xx<oo

F(X)= je-x e’ dx
0
F(x)zegje'x dx
4

F(x)=e’ S|

—410
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F(x)=—e’[e™ —¢’]
F(x)=—e’™ +e""’
F(x)=1—-e’%™
F(Xg)=1-e"%"®

fix ) =e" e’
9 (4) =Nt -ee™)] " (€7 )
9 (X)) = n[ege'xm)]m1 (e7 e%)

0 (x) = - e’e™)] " (&7 &)

As conditional density

f(x;0) e > e

(%) n[l—e"e'x‘"’)JH (e e%)

As conditional p.d.f is not independent of parameter ‘0" so X, order statistic is not sufficient
for 6.

() Xy) =

Question no: 13
Let X;, X,,..., X,, be arandom sample of size ‘n’ from the distribution f(x;0).=6 X % then show

n
that H X, is sufficient for@.

i=1
As
f(x;0).=0X%"

Taking likelihood function

L =) []X )"

L0 =(0)' {H X} I
i

L6 =9([[X,.0) h(x

n
Hence h(X) is independent from the parameter @ . Therefore by Nyman Fisher Factorization H X s
i=1

n
sufficient for 6 . And H X & G.Mis one to one function so G.M is also sufficient for @ .
i-1

Question no 14:

Let X, & X, be a random sample of size ‘n=2". From N(&,1). Show that Y; = X, + X, is sufficient

estimator for '6".
As x~N(02)

1 -leew?
f(x)= e ? —00 < X < 400
o o2
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1 ooy
f(X)=—— e 2
N2
Applying likelihood function.
1 ~Ly(ceoy
L) =(—=)"¢e?
- N 27
- 250y’

L= ()" e
s X(X=0) =(x —0)* +(x,—0)*
S(x—0) =x"+02-2x0+x%," +0°-2x,0
S(x=0)2 =x"+X%," +20%=20(x, +X,)
S(x—0)? =x"+x,"+20-20Y

—%(x12+x22+262—20Y)

L= ()" e

1.2 2
_7()(1 +X; ) 792 oY
2 e’ e

L(x) = (ﬁf e

1.2 2
75()(1 +X; )e_ez oY

L= ()" e

L0 =66 (i e 2
N N2

L(¥) = 9(Y =x+X,; 6) h(x)

Hence h(X) is independent from parameter '@".Therefore Y = X, + X, is sufficient for '6".

Minimal Sufficient Statistic:

A set of jointly sufficient statistic is said to be minimal if and only if it is the function of any other
sufficient statistic

Example:

If Yy, issufficient statisticand Y, is also sufficient statistic and joint (Y, ,Y, ) isthe

sufficient for both Y, &Y, .

Question no 15:

1

Let Yy, Y21 Yz - Y(n) b€ arandom sample of size ‘n’ from the p.d.f f(Y)= g
2

A — A, Y <A, + 4, Then show that Y;, &Y, are joint sufficient estimator for

A &y,
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1
As f =—
=5,

Taking likelihood function
1
LKY)=(—)"
(Y) (2 12)

1

L(Y) = (2”2«2”

)=1(Y;4.4)

We know that p.d.fof i" & j™ order statistic.

n!
(- (n— I -i-1)!

gy, Y,) = FOT -FO)I ' [Fo)-Foo™ fv) f(y))
put i=1, j=n,n=n

F) ] L-Fy) " [F ) - Fl ™ f(v) F(y,)

n!
9(¥2,¥n) = A-D!'(n=n)(n-1-1)!

n(n-1)(n—2)! [

o PO -FO" 1) f()

g (yl' yn) =

g(¥5, Ya) = n(n=1) [F(y,) - FOLI™ F(y) F(y,) —A

As f(x):%
2

1 1
f(y,)=— f(y,)=—
(Y1) 21 (Ys) 2%

FO)= | 1
R 24,
F(x):i [1. ax

22, %,

FO9=—2x |
24, a1

F(x)= 2;

2

[x=(4-4,)]

FO) = [x- 4+ 2]

2

1
F(Yy) = g[y(l) -4 +/12]
2

F(y(n)) = Ziﬂ/z[y(n) _2‘1 +ﬂ’2]

Put these values in equation (A).
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[y(n)_’11+/12]_[y(1)_21+/12]}n_2 1 1
2

Y,)=n(n-1 )
9 (1 ¥a) =n( ){ 2%, 2%, %2

nn=1) [ Yoy -+ A=Yy +h—4 |
9 (y,.y,) = =D | Yo £ -0 ‘
(24,)° | 24,
n(n=2 [ Yo~ Yo |
_hn- m Yo
g(yl’yn) (212)2 I 212 :|
~nn-1) 1 B -2
g(yl’yn)_ (22/2)2 (2/12)n—2 (y(n) y(l))
_ n(n_l) _ n-2
gy Y,) = (—Zﬂz)n Yoy = Yoy)

Now we consider.

f(y) 1/2"1/ 2,
f(X/yl’yn)z ( = )=n(n_1) 2
g yl’yn - (y(n)_y(l))n—Z
(24,)
1
FCy 7 ynyn) =

n(n _1) (y(n) - y(l) )n72

As conditional p.d.f is independent from the parameter 21 &/12 therefore y, &Y, is joint sufficient for
A&,
Question no 16:

1
Let X j) < X5 <X(g <...< X, be arandom sample of size ‘n’ from the p.d.f f(X)=——

a <X <f .Thenshowthat X4 & X, are jointly sufficient estimator for & & .

As f(X)=—t_

Taking likelihood function
1
L(x)= (—)"
(==

1

L(Y)= ——
O ey

=f(Y; a, p)

We know that p.d.fof i"™ & j™ order statistic.

n

: - - i1
(i—l)!(n—j)!(j_i_]_)![F(Xi)] [1‘F(Xj)] [F(X,-)—F(xi)] f(x) f(x;)

g (x,x;) =

Puti=1, j=n,n=n

B n!
~ @-D! (n—n)!(n-1-1)!

(X, %,) [FOOI -FOx)"[F(x,)-FO)™ f(x) f(x,)
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_n(n-1)(n-2)!

9 (%, %,) = ST [FO)-FOGI™ F00) F(x,)
9 (%, %) =n=1 [F(x,)—Fx]* f(x) f(x,) —>A
As
f(x)=% a<x<p
1 1

f(yl):m f(yn)zm

<1
F(x)ziﬂ_a dx

1 X
F(x)=ﬁ£1. dx

X
X|
- «

F(x)=

F(x)= [x—c]

X(n) —-a
F(x) =2

p—a

Xy — &
p—a

Put these values in equation (A).

F (X(n)) =

9 (%, %,) =n(n=1) [F(x,)=F ()] f (%) f(x,)

n-2
9(X1X)=n(n—1){x(n)_a—x(n)_a} S

p—-a -« f-a f-a

~n(n-1) [ Xy —a—Xy ta "
~n(n-1) [ Xm Xy "
g(xl’xn)_ (ﬂ_a)Z i ﬂ—O( :|
-1 1 n-2
g (X1’Xn) = (r,grl 0())2 (ﬁ—a)”’z (X(n) _X(l))
005, %)= Ok )

Now we consider

f (x)
FO T %) =—
A TNS
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) %) =g ——
(,B—T)”(X(“’ —Xg)"
F(x 1 %,%,) = L

n(n _1) (X(n) - X(1) )n72

As conditional p.d.f is independent from the parameter @ & f therefore X, & X, is jointly sufficient

estimator fora & S .

Question no 17:
Let Xy <Xy <X <...<X, be arandom sample of size ‘n’ from the uniform distribution with

parameter (6,,6,)and X; =Mini(Y;) and X, = Max(Y,) .

a. If 6 =0show that Y, is sufficient for g,.

b. If 6, &6,are unknown then show that (Y,,Y,) is sufficient for 6, and 6, .

(a):
As f(x,6,6,)=

0 <Xx<0
02—61 1 2

if 6,=0

f(x,Hz):Hi 0<x<é,

2

Taking likelihood function
1
L(x)=(=)"
(X) (92)

1

L(x) =
®)=Gy

The p.d.fof i™ order statistic.

;!n—i)![lz(y(”)]rl - F O] )

gy = (-1 (

Putn=n,i=n

! n—1 n—n
900)= oy il Vo)l B F O )
9 V) = NF )™ F V) - A
Now

1
AS f(X) = ?
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F(X)=| —dx
() !m
F(x)——z_[l dx
0
1 x X
e
Yon
F(y,)= 9(2)
so-ofe] 2
(n) 02 92
(y,)"" | n
9= | oo |
" L&)l}%
n(y,)""
9d(Y) = .
(n) 92

Now we consider

ol )=
fry)=
/¥ = o

As conditional p.d.f is independent from parameter 6, .thereforeY, is sufficient for @, .
(b):

As f(x,6,6,)=

0 <x<0
(92_91 1 2

Taking likelihood function

1

L) =(—

)n

1

=0, ey

We know that p.d.fof i"™ & j™ order statistic.

FOT -FOI ' [Fo)-Fo™ f(v) f(y))

n!
g (yi'yj) = (i-D'(n—PI(j—i-1!

put i=1, j=n, n=n
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n! 1 n-n n-1-1
@J(yl,yn)z(1_1)!(n_m)!(n_l_l)![F(yl)]l L-F I F ) - F L™ £y f(y,)
0(y,.Y,) = W [F(yn)—FOI™ F(3) £ ()

9 (Y. ¥a) = n(n=1) [F(y,) = F(y.] (v.) T (y,) —A
As

f(x):eie 0, <x<b,

f) =5 fy) =5

F(x):JX‘g1 dx

F(x)= i Il.dx

FO)=———x|

F() = (x-0)

F(y(l)):zl:zl

F(yi) =20

Put these values in equation (A).

n-2
=6 _¥,-6 1 L
.Y, =n(n-1 - '
9 (Y1 ¥a) =n( ){92_91 Hz—ﬁj 0,-6, 6,-6,

_ n(n-1)
g (yl' yn) - (92 _01)2 |:

~on(n=1) [ (y,—y)"?
g (yl! yn) - (92 _01)2 {(02 _Hl)n—z j|

n-2
Yo—O0 -V, +6
92 _91

n(n-1)(y, - y)"*
(92 - ‘91)n

g (yli yn) =

Now we consider

f(x)
g (yli yn)

FX7 Y1 Ya) =
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1/(6,-6,)"

f()_(/ yl’yn)= n(n—l)( : 1) ,
o (Y Yo )"
@,-6)" """ Y

1
n(n _1) (y(n) o Y(l) )n72

FOXT Y1 ¥n) =

As conditional p.d.f is independent from the parameter 8, & 6, therefore Yy, &Y, is joint sufficient

estimator for 6, &6,

Nyman Fisher Factorization Theorem:
OR
Theorem of Sufficient Estimator:
Proof:
Suppose S=s is sufficient for '@

Then by definition

p[ . }=h(>_<)

Where h()_() is independent of parameter '@

But

)

)=9(s =s)h(x)

Hence it is proved that “S=s” is sufficient for parameter '6".

p(x ;

Then

p(x ;0)=g(s(x). O)n(x)

Where h()_() is independent for the parameter'd'.

Now we suppose equation A hold that

p{ X }: flx:0)

S=s| g(S=5s)
=X plx;6)
=g(s(x),0)Zh(x)

x | g(s(x);0)h(x)
p[S=s}g(S x);6)Zh(x)

9(S =s:0)
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p[sis}:;ﬁﬁ)

Which is independent for'@". Hence by definition “S=s” is sufficient for'Q".

Note:

If

Where f (X ;9) is joint P.d.f and g(S = S) is a function of‘s’ then s is called sufficient for'@".

Minimal Sufficient Statistic:

A set of jointly sufficient statistic is said to be minimal if and only if it is the function of any
other sufficient statistic

Example:

If Y, is sufficient statistic and Y., isalso sufficient statistic and joint (Y, .Y, ) is the

sufficient for both Y, &Y, .
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