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Sufficiency 
Definition: 

Let nXXXX ,...,,, 321 be a random sample from the density ),( xf . A statistic / estimator 

)(xs  is sufficient for  , if  ),( xf  can be factorized as follows. 

),( xf = )()),(( xhxsg   

Where )(xh is nonnegative and does not involve parameter. 

Procedure for finding sufficient estimator: 

1.  Find the joint p.d.f i.e. likelihood function. 

2. P.d.f of statistic (estimator) has to be proved sufficient. 

3. Find the conditional p.d.f such as 
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If conditional p.d.f is independent from the parameter then estimator (statistic) is said to be 

sufficient. 

     OR 

Nyman Fisher Criteria for Sufficiency: 

1. Take the likelihood function of p.d.f. 

2. If it can be written as the product of (function of statistic & parameter) and a function 

which is independent of parameter. Then statistic is said to be sufficient. 

Therefore 

    )(),()( xhsgxL =  

Bernoulli distribution: 

Let we have Bernoulli distribution with parameter ‘ ’. 
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Pission distribution: 

 

Let we have Pission distribution with parameter ‘ ’. 
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Normal distribution: 
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Q.1: 

Let nXXXX ,...,,, 321 be a random sample from the Bernoulli distribution with parameter . 

Then show that    S= ix  is sufficient for .   

Solution: 

As x ~ Bernoulli ( ) 
xx

xxf −−= 11 )1()()(   

functionLikelihoodApplying  


=

− −=
n

i

x

xnxxL
1

1 )()1()(   

)(),()( xhxgxL =  

 '.'

'')(





ofestimatorsufficientisx

ionfactorizatfishernymanforthereforeparameterfromtindependenisxhHence
 

Q. 2: 

Show that for Possion distribution  X   is sufficient of . 

Solution:  

As x~P( )   

Let we have Possion distribution with parameter ‘ ’. 
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Question no 3: 

Let nXXXX ,...,,, 321 be a random sample from a Normal distribution with population mean 

 and variance 
2 .Then show that  2)( − x is sufficient for

2 . 

Solution:  
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 As x ~ N ( ),( 2  
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.

).,0(,...,,

2

2

21





forsufficientis
n

x
thatshowthen

withondistributinormalafromsamplerandomabeXXXLet n

  

Solution: 
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Question no 6: 
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Question no: 9:  
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Question no: 10 

Let
nxxx ,...,, 21
  be a random sample from the normal density with mean &'' variance .2  

Then show that 
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densitylconditionaAs  

  )e()e1

e

)(

);(
)/(

(n)(n) X-1X-

X-

)(

)(




een

e

xg

xf
xxf

n

n

n

n −



−
==  

.

''.. )(





for

sufficientnotisstatisticorderXsoparameteroftindependennotisfdplconditionaAs n
 

 

Question no: 13 

Let nXXX ,...,, 21 be a random sample of size ‘n’ from the distribution 1).;( −=  Xxf  then show 

that 
=

n

i

iX
1

is sufficient for . 

As  

1).;( −=  Xxf  

Taking likelihood function 

1

1

)()()( −

=

= 
n

i

i

n XxL

 

















=




=

=
n

i

i

n

i

i

n

X

XxL

1

1

1
)()(





 

)(),()(
1

xhXgxL
n

i

i 
=

=

 

Hence )(xh  is independent from the parameter  . Therefore by Nyman Fisher Factorization 
=

n

i

ix
1

is 

sufficient for   . And 
=

n

i

ix
1

&   G.M is one to one function so G.M is also sufficient for  .  

Question no 14: 

Let 21 & XX be a random sample of size ‘n=2’. From ).1,(N Show that 21 XXYi += is sufficient 

estimator for '.'  

)1,0(~ NxAs  

+−=
−−

xexf
x 2)(

2

1

2

1
)(



  
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2)(
2

1

2

1
)(





−−

=
x

exf

 

Applying likelihood function. 

2)(
2

1

)
2

1
()(





−−

=
x

n exL

 

2)
2

1
()(

2)(
2

1

2 ==
−−

nexL
x 

  

2

2

2

1

2 )()()(  −+−=− xxx  

 2

22

21

22

1

2 22)( xxxxx −++−+=−  

)(22)( 21

22

2

2

1

2 xxxxx +−++=−   

Yxxx  22)( 22

2

2

1

2 −++=−  

)22(
2

1

2
22

2
2

1

)
2

1
()(

Yxx

exL




−++−

=

 

Y
xx

eeexL 



2
2

2
2

1 )(
2

1

2)
2

1
()( −

+−

=

 

Y
xx

eeexL 



2
2

2
2

1 )(
2

1

2)
2

1
()( −

+−

=

 

)(
2

1

2
2

2
2

12

)
2

1
()(

xx
Y eeexL

+−
−=





 

)();()( 21 xhxxYgxL +==  

Hence )(xh is independent from parameter '.' Therefore 21 xxY += is sufficient for '.'  

 

Minimal Sufficient Statistic: 

A set of jointly sufficient statistic is said to be minimal if and only if it is the function of any other 

sufficient statistic 

Example: 

If )1(Y is sufficient statistic and     )(nY  is also sufficient statistic and joint ),( )()1( nYY is the 

sufficient for both )()1( & nYY . 

 

Question no 15: 

Let )()3()2()1( ,...,,, nYYYY  be a random sample of size ‘n’ from the p.d.f 
22

1
)(


=Yf

2121  +− Y .Then show that )()1( & nYY are joint sufficient estimator for  

.& 21   
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22

1
)(


=YfAs

 

Taking likelihood function 

nYL )
2

1
()(

2
=

 

),;()
2

1
()( 21

2




YfYL
nn

==

 

We know that p.d.f of thth ji &  order statistic. 

      )()()()()(1)(
)!1()!()!1(

!
),(

11

ji

ij

ij

jn

j

i

iji yfyfyFyFyFyF
ijjni

n
yyg

−−−−
−−

−−−−
=

 

nnnjiput === ,,1  

      )()(()()(1)(
)!11()!()!11(

!
),( 1

11

1

11

11 n

n

n

nn

nn yfyfyFyFyFyF
nnn

n
yyg

−−−−
−−

−−−−
=

 

  )()(()(
)!2(

)!2)(1(
),( 1

2

11 n

n

nn yfyfyFyF
n

nnn
yyg

−
−

−

−−
=

 

  AyfyfyFyFnnyyg n

n

nn →−−=
−

)()(()()1(),( 1

2

11  

22

1
)(


=xfAs

 

22

1
2

1
)(

2

1
)(


== nyfyf

 


−

=

x

dxxF

21
22

1
)(




 

dxxF

x


−

=

21

.1
2

1
)(

2 


 

x

xxF
21

|
2

1
)(

2  −

=

 

 )(
2

1
)( 21

2




−−= xxF

 

 21

22

1
)( 


+−= xxF

 

 21)1(

2

)1(
2

1
)( 


+−= yyF

 

 21)(

2

)(
2

1
)( 


+−= nn yyF

 

Put these values in equation (A). 
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   
22

2

2

21)1(

2

21)(

1
2

1
.

2

1

22
)1(),(








−








 +−
−

+−
−=

n

n

n

yy
nnyyg

 

2

2

21)1(21)(

2

2

1
2)2(

)1(
),(

−








 −+−+−−
=

n

n

n

yynn
yyg






 

2

2

)1()(

2

2

1
2)2(

)1(
),(

−








 −−
=

n

n

n

yynn
yyg


 

2

)1()(2

2

2

2

1 )(
)2(

1

)2(

)1(
),( −

−
−

−
= n

nnn yy
nn

yyg


 

2

)1()(

2

1 )(
)2(

)1(
),( −−

−
= n

nnn yy
nn

yyg


 

Now we consider. 

2

)1()(

2

2

1

1

)(
)2(

)1(

/12/1

),(

)(
),/(

−−
−

==
n

nn

nn

n

n

yy
nnyyg

yf
yyyf





 

2

)1()(

1
)()1(

1
),/(

−−−
=

n

n

n
yynn

yyyf

 

As conditional p.d.f is independent from the parameter 21 & therefore nyy &1 is joint sufficient for 

21 &  

Question no 16: 

Let )()3()2()1( ... nXXXX  be a random sample of size ‘n’ from the p.d.f 
 −

=
1

)(Xf

  X  . Then show that )()1( & nXX are jointly sufficient estimator for .&   

 −
=

1
)(XfAs

 

Taking likelihood function 

nxL )
1

()(
 −

=

 

),;(
)(

1
)( 


YfYL

n
=

−
=

 

We know that p.d.f of thth ji &  order statistic. 

      )()()()()(1)(
)!1()!()!1(

!
),(

11

ji

ij

ij

jn

j

i

iji xfxfxFxFxFxF
ijjni

n
xxg

−−−−
−−

−−−−
=

 

nnnjiPut === ,,1  

      )()()()()(1)(
)!11()!()!11(

!
),( 1

11

1

11

11 n

n

n

nn

nn xfxfxFxFxFxF
nnn

n
xxg

−−−−
−−

−−−−
=
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  )()(()(
)!2(

)!2)(1(
),( 1

2

11 n

n

nn xfxfxFxF
n

nnn
xxg

−
−

−

−−
=

 

  AxfxfxFxFnnxxg n

n

nn →−−=
−

)()(()()1(),( 1

2

11  

As  





−

= xxf
1

)(

 

 −
=

−
=

1
)(

1
)( 1 nyfyf

 

 −
=

x

dxxF




1
)(

 

dxxF

x

−
=




.1
1

)(

 

x

xxF

|

1
)(

−
=

 

 


−
−

= xxF
1

)(

 





−

−
=

)(

1)(
nx

xF

 





−

−
=

)(

)( )(
n

n

x
xF

 

Put these values in equation (A). 

  )()()()()1(),( 1

2

11 n

n

nn xfxfxFxFnnxxg
−

−−=
 









−−









−

−
−

−

−
−=

−

1
.

1
)1(),(

2

)()(

1

n

nn

n

xx
nnxxg

 

2

)1()(

21
)(

)1(
),(

−










−

+−−

−

−
=

n

n

n

xxnn
xxg






 

2

)1()(

21
)(

)1(
),(

−










−

−

−

−
=

n

n

n

xxnn
xxg


 

2

)1()(221 )(
)(

1

)(

)1(
),( −

−
−

−−

−
= n

nnn xx
nn

xxg
  

2

)1()(1 )(
)(

)1(
),( −−

−

−
= n

nnn xx
nn

xxg
  

Now we consider 

),(

)(
),/(

1

1

n

n
xxg

xf
xxxf =
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2

)1()(

1

)(
)(

)1(

)/(1
),/(

−−
−

−

−
=

n

nn

n

n

xx
nn

xxxf





 

2

)1()(

1
)()1(

1
),/(

−−−
=

n

n

n
xxnn

xxxf

 

As conditional p.d.f is independent from the parameter  & therefore nxx &1  is jointly sufficient 

estimator for  & . 

 

 

Question no 17: 

Let )()3()2()1( ... nXXXX  be a random sample of size ‘n’ from the uniform distribution with 

parameter ),( 21  and )( 1YMiniX i =  and )( nn YMaxX =  . 

a. If 01 = show that nY  is sufficient for 2 . 

b. If 21 & are unknown then show that ),( 21 YY  is sufficient for 21  and . 

21

12

21

1
),,(

:)(




 
−

= xxfAs

a

 

01 =if  

2

2

2 0
1

),( 


 = xxf

 

Taking likelihood function 

nxL )
1

()(
2

=

 

n
xL

)(

1
)(

2
=

 

The p.d.f of thi order statistic. 

    )()(1)(
)!()!1(

!
)( )()(

1

)()( i

rn

i

r

ii yfyFyF
ini

n
yg

−−
−

−−
=

 

ninnPut == ,  

    )()(1)(
)!()!1(

!
)( )()(

1

)()( n

nn

n

n

nn yfyFyF
nnn

n
yg

−−
−

−−
=

 

  AyfyFnyg n

n

nn →=
−

)()()( )(

1

)()(  

Now  

2

1
f(x)As


=
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=
x

dxxF
0

2

1
)(


 

=

x

dxxF
0

2
.1

1
)(


 

2
0

2
|

1
)(



x
xxF

x

==
 

2

)(
)(



n

n

y
yF =

 

2

1

2

)(

)(

1
)(



−









=

n

n

n

y
nyg

 

2

1

2

1

)(
)(

)(
)(



ny
yg

n

n

n

n












=

−

−

 

n

n

n

n

yn
yg

2

1

)(

)(
)(



−

=

 

Now we consider 

)(

)(
)/(

n

n
yg

xL
yxf =

 

nn

n

n

n
yn

yxf
2

1

2

/.)(

/1
)/(




−

=

 

1)(

1
)/(

−
=

n

n

n
yn

yxf

 

As conditional p.d.f is independent from parameter 2  .therefore nY  is sufficient for 2 . 

(b): 

21

12

21

1
),,( 


 

−
= xxfAs

 

Taking likelihood function 

nxL )
1

()(
12  −

=

 

n
xL

)(

1
)(

12  −
=

 

We know that p.d.f of thth ji &  order statistic. 

      )()()()()(1)(
)!1()!()!1(

!
),(

11

ji

ij

ij

jn

j

i

iji yfyfyFyFyFyF
ijjni

n
yyg

−−−−
−−

−−−−
=

 

nnnjiput === ,,1  
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      )()(()()(1)(
)!11()!()!11(

!
),( 1

11

1

11

11 n

n

n

nn

nn yfyfyFyFyFyF
nnn

n
yyg

−−−−
−−

−−−−
=

 

  )()(()(
)!2(

)!2)(1(
),( 1

2

11 n

n

nn yfyfyFyF
n

nnn
yyg

−
−

−

−−
=

  AyfyfyFyFnnyyg n

n

nn →−−=
−

)()(()()1(),( 1

2

11  

As  

21

12

1
)( 




−
= xxf

 

1212

1

1
)(

1
)(

 −
=

−
= nyfyf

 

 −
=

x

dxxF

1
12

1
)(




 

dxxF

x

−
=

1

.1
1

)(
12 


 

x

xxF
1

|
1

)(
12  −

=

 

)(
1

)( 1

12




−
−

= xxF

 

12

1)(




−

−
=

x
xF

 

12

11
)1( )(





−

−
=

y
yF

 

12

1
)( )(





−

−
= n

n

y
yF

 

Put these values in equation (A). 

1212

2

12

11

12

11
1

1
.

1
)1(),(









−−









−

−
−

−

−
−=

−n

n

yy
nnyyg

 

2

12

111

2

12

1
)(

)1(
),(

−










−

+−−

−

−
=

n

n
n

yynn
yyg






 










−

−

−

−
=

−

−

2

12

2

1

2

12

1
)(

)(

)(

)1(
),(

n

n

n
n

yynn
yyg


 

n

n

n
n

yynn
yyg

)(

))(1(
),(

12

2

1
1

 −

−−
=

−

 

Now we consider 

),(

)(
),/(

1

1

n

n
yyg

xf
yyxf =
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2

)1()(

12

12
1

)(
)(

)1(

)/(1
),/(

−−
−

−

−
=

n

nn

n

n

yy
nn

yyxf





 

2

)1()(

1
)()1(

1
),/(

−−−
=

n

n

n
yynn

yyxf

 

As conditional p.d.f is independent from the parameter 21 &  therefore nyy &1 is joint sufficient 

estimator for 
21 &  

 

 

Nyman Fisher Factorization Theorem: 

                        OR 

Theorem of Sufficient Estimator: 

Proof: 

Suppose S=s is sufficient for ''  

Then by definition  

( )xh
sS

x
p =









=
 

 

Where    ( )xh        is independent of parameter ''  

But 

( )
( )

( ) Axh
sSg

xf

sS

x
p →=

=
=









=

;
 

( ) ( ) ( )xhsSgxp ==;  

Hence it is proved that “S=s”  is sufficient for parameter   '' . 

Then 

( ) ( )( ) ( )xhxsgxp  ,; =  

Where ( )xh  is independent for the parameter '' . 

Now we suppose equation A hold that 

( )
( )sSg

xf

sS

x
p

=
=









=

;
 

( ) ( ) ;; xpsSg ==  

( )( ) ( )xhxsg = ,  

( )( ) ( )
( )( ) ( )xhxsg

xhxsg

sS

x
p


=









= 



;

;
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( )
( )xh

xh

sS

x
p


=









=
 

Which is independent for '' . Hence by definition “S=s” is sufficient for '' . 

Note: 

If   

Where ( );xf  is joint P.d.f and  ( )sSg =   is a function of‘s’ then s is called sufficient for '' . 

 

Minimal Sufficient Statistic: 

A set of jointly sufficient statistic is said to be minimal if and only if it is the function of any 

other sufficient statistic 

Example: 

If 
)1(Y is sufficient statistic and     

)(nY  is also sufficient statistic and joint ),( )()1( nYY is the 

sufficient for both
)()1( & nYY . 
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